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High temperature virial expansion is a powerful tool in equilibrium statistical mechanics. In this
letter we generalize the high temperature virial expansion approach to treat far-from-equilibrium
quench dynamics. As an application of our framework, we study the dynamics of a Bose gas
quenched from non-interacting to unitarity, and we compare our theoretical results with unexplained
experimental results by the Cambridge group [Eigen et al., Nature 563, 221 (2018)]. We show that,
during the quench dynamics, the momentum distribution decreases for low-momentum part with
k < k∗, and increases for high-momentum part with k > k∗, where k∗ is a characteristic momentum
scale separating the low- and the high-momentum regimes. We determine the universal value of
k∗λ that agrees perfectly with the experiment, with λ being the thermal de Broglie wave length.
We also find a jump of the half-way relaxation time across k∗λ and the non-monotonic behavior of
energy distribution, both of which agree with the experiment. Finally, we address the issue whether
the long-time steady state thermalizes or not, and we find that this state does thermalize except for
the very high momentum tail with kλ 1. Our framework can also be applied to quench dynamics
in other systems.
Non-equilibrium quantum dynamics is nowadays a fo-
cused research topic in synthetic quantum systems like
ultracold atomic gases. Starting from an equilibrium
state, a sudden change of either the state or the Hamil-
tonian can bring the system out of equilibrium, and the
subsequent evolution governed by the time-independent
Hamiltonian is referred to as quench dynamics. Quench
dynamics is one of the most studied non-equilibrium dy-
namics, especially in ultracold atomic gases experiments
[1–5]. This is because ultracold atomic gases are quite
dilute such that the typical many-body time scales are
about millisecond. Therefore, a typical operation at mi-
crosecond time scale is fast enough compared with the
many-body time scales, which can be considered as a
quench process.
Regarding the goal of studying quench dynamics, one
of the most important motivations is to extract universal
features of a system from its quench dynamics. Here uni-
versal features refer to phenomena that are insensitive to
the choice of the initial state and are connected to essen-
tial properties of the Hamiltonian governing the evolu-
tion. In the past few years, there are several established
examples of universal quench dynamics. For instance, the
logarithmic growth versus the linear growth of the entan-
glement entropy after quench can distinguish many-body
localization from thermalization [6]. The linking number
in the quench dynamics of a band insulator can reveal
the topological invariant of the Hamiltonian [7–9]. Frac-
tal structure in the time domain after quench can reveal
the discrete scaling symmetry of the Hamiltonian [10].
If a ultracold atomic gas is quenched from non-
interacting to unitarity, where the s-wave scattering
length diverges, one would expect to observe universal
quench dynamics that are related to strongly interacting
physics at unitarity. One important feature of strongly
interacting gases at unitarity is the emergence of scale in-
variance, which states that there is no extra length scale
associated with interaction, therefore the inter-particle
spacing and the thermal de Broglie wave length are only
relevant length scales. An experiment from the Cam-
bridge group reported such universal quench dynamics
of a Bose gas from non-interacting initial state to unitar-
ity. Indeed, several universal phenomena have been ob-
served in both the low-temperature condensed gas and
the non-condensed thermal gas. The low temperature
behavior has been calculated by using the Bogoliubov
theory [11, 12], and the universal exponential form ob-
served in the momentum distribution has been explained
[11]. However, the thermal gas part of the data remains
unexplained. The challenge, of course, lies in the absence
of reliable theoretical tools to treat a strongly interacting
system.
In this letter we develop a framework to study quantum
quench dynamics through high-temperature virial expan-
sion. The advantage of virial expansion is that it uses
fugacity as an expansion parameter and can be applied
to strongly interacting regime [13]. Previously, virial ex-
pansion has been successfully used in studying unitary
quantum gases [14–27] and the results are compared well
with experiments [28–35], but these applications are lim-
ited to equilibrium properties. Our work generalizes this
method to far-from-equilibrium situations. As an appli-
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2cation of our theory, we consider the dynamics of mo-
mentum distribution when a Bose gas is quenched from
non-interacting to unitarity, and we use our theoretical
results to explain the thermal gas data of the Cambridge
experiment.
General Framework. We consider a system initially at
the equilibrium state of the free Hamiltonian Hˆ0 with
temperature T , and starting from t = 0, it evolves un-
der an interacting Hamiltonian Hˆ. When the system is
evolved to time t > 0, we measure the physical observable
Wˆ . This observable W(t) can be expressed as
W(t) = Tr[e
−β(Hˆ0−µNˆ)eitHˆWˆe−itHˆ ]
Tr[e−β(Hˆ0−µNˆ)]
(1)
Here β = 1/(kBT ), and for convenience, we set kB = ~ =
1 in this paper. µ and N are the chemical potential and
the total number of bosons, respectively.
At high temperature, the fugacity z = eβµ  1, and
we can expand both the numerator and the denominator
in powers of z as
W(t) = zX1 + z
2X2 + · · ·
1 + zQ1 + z2Q2 + · · · . (2)
Here
Xn = Trn[Θ(t)e
−βHˆ0eitHˆWˆe−itHˆ ], (3)
Qn = Trn[e
−βHˆ0 ], (4)
where n = 0, 1, 2, ... represents that the trace is taken
over all eigen-states with totally n-number of particles.
Θ(t) is the unit step function, with Θ(t) = 1 for t ≥ 0
and Θ(t) = 0 otherwise. Note that one important differ-
ence between this virial expansion for dynamics and the
virial expansion for equilibrium situation is that here Xn
depends on time t. Hence, the validity of this expansion
requires that all Xn do not exhibit divergent behavior as
time evolves.
Qn has been calculated for the virial expansion of equi-
librium situation, and here the new task is to compute
Xn. Let {|ψ(n)α 〉} be a set of eigen-states for the non-
interacting Hamiltonian with energy E
(n)
α . By inserting
the basis, it is straightforward to express Xn as
Xn =
∑
α,β,γ
e−βE
(n)
α G
(n)∗
βα (t)〈ψ(n)β |Wˆ |ψ(n)γ 〉G(n)γα (t), (5)
where G(n)(t) is the retarded Green’s function for the
interacting Hamiltonian Hˆ of n-particle system, and
G(n)γα (t) = 〈ψ(n)γ |Θ(t)e−itH |ψ(n)α 〉
=
i
2pi
∫ ∞
−∞
dωe−iωtG(n)γα (ω + i0
+). (6)
Therefore, through the virial expansion, the quench dy-
namics problem is translated into the properties of the
FIG. 1: Cartoon picture of the quench dynamics of the Bose
gas. The system is initially prepared at equilibrium of a non-
interacting case with as = 0, and at t = 0, it is suddenly
changed to an interacting case with as 6= 0, which remains
at this situation afterward. In the subsequent evolution at
t > 0, the momentum distribution will become more broad.
It schematically shows that, as time evolves, nk decreases for
small momentum |k| < k∗ and nk increases for large mo-
mentum |k| > k∗. A characteristic crossover momentum is
labelled by k∗.
retarded Green’s function of the Hamiltonian after the
quench. In this way, the evolution of the observable dur-
ing quench dynamics can be used to infer universal prop-
erties of the quench Hamiltonian.
As an application of our framework, below we con-
sider a quench dynamics of three-dimensional uniform
Bose gas from non-interacting to strongly interacting,
as shown in Fig. 1. Here Hˆ0 =
∑
i p
2
i /(2m) is the
non-interacting Hamiltonian, with m being the mass of
bosons. At t = 0, the Hamiltonian is suddenly changed
to Hˆ = Hˆ0 +
∑
i<j V (|ri − rj |), where V (r) is the short-
range interaction potential between bosons, described by
the scattering length as. For the demonstration purpose,
we focus on virial expansion up to n = 2, and we will see
below that reasonably good agreements between theory
and experiment can already be obtained at this order.
In this case, each two-body eigenstate is labelled by
two quantum number |ψ(2)α 〉 = |P,q〉, with P and q being
the total momentum and the relative momentum of two
bosons, respectively. For energy of the free Hamiltonian,
we have
E(2)α =
P2
4m
+
q2
m
, (7)
and the two-body retarded Green’s function can be ex-
pressed as [36]
G
(2)
αβ(s) =
[ 〈q1|q2〉
s− εq1
+
T2(s)
(s− εq1)(s− εq2)
]
δP1,P2 , (8)
with α = {P1,q1}, β = {P2,q2}, s = ω + i0+ and
εq = q
2/m. The two-body scattering T-matrix T2(s) is
3FIG. 2: The evolution of the momentum distribution after
the quench. (a) k2δnk (in unit of z
2/λ2) as a function of kλ
and t/tλ. (b) k
2δnk (in unit of z
2/λ2) as a function of t/tλ
for kλ = 3.5 (k < k∗, the black line), kλ = 4.5 (k ∼ k∗, the
red line) and kλ = 6 (k > k∗, the blue line).
given by
T2(s) =
4pi/m
a−1s −
√−ms. (9)
For the interest of ultracold atom experiments, the time-
of-flight measurement can directly measure nk. Hence,
we consider Wˆ = nˆk, and
〈ψ(2)α |nˆk|ψ(2)β 〉 =
(
δ
k,
P1
2 +q1
+ δ
k,
P1
2 −q1
)
δq1q2δP1P2 .
(10)
With Eq. 7,8,9,10, we complete all required terms in
X2 given by Eq. 5. Moreover, with the help of Eq. 2,
we can compute nk(t) and we determine the change of
momentum distribution as δnk(t) = nk(t)− nk(0).
Numerical Results and Experimental Comparison.
Here we consider the quench problem of a Bose gas from
non-interacting case with as = 0 to unitary regime with
as =∞, and we numerically solve the virial expansion up
to z2 order. In the virial expansion, our natural length
unit is the thermal de Broglie wave length λ and the en-
ergy unit is T . We also define a time unit tλ = 1/T .
We will compare our calculation with the experimental
observation from the Cambridge group.
First of all, when the system is suddenly quenched to
strongly interacting regime, atoms are scattered from
low-momentum to high-momentum such that the in-
creased interaction energy is converted into the kinetic
energy. Hence, nk decreases as a function of time t for
low-momentum, say, for |k| < k∗, and nk increases as a
function of time t for high-momentum, say, for |k| > k∗.
Here we use k∗ to denote a crossover momentum scale be-
tween low- and high-momentum. This physical picture is
schematically shown in Fig. 1, and we can also see this
clearly in Fig. 2(a), in which we plot |k|2δnk as a func-
tion of time t/tλ and momentum kλ. Note that |k|2δnk
counts the change of occupation in a momentum shell
with radius |k|. There are two issues regarding k∗. One
is what the value of the crossover momentum scale k∗ is,
and the other is what the behavior of nk for |k| ∼ k∗ is.
These two questions are answered by Fig. 2(b). It first
shows that nk either monotonically decreases for |k| < k∗
or monotonically increases for |k| > k∗. For |k| ∼ k∗,
our calculation shows that nk first decreases slightly and
then increases back to its initial value. This phenomenon
agrees with what has been seen in experimental data.
Here we use the condition δnk(t→∞) = 0 to determine
k∗ and we find k∗λ = 4.5. This agrees remarkably well
with the experimental result, where k∗λ = 4.4.
Secondly, in order to calibrate how fast the momentum
distribution relaxes to its long-time equilibrium value, we
introduce the half-way time τk for each k, which is de-
fined as δnk(τk) =
1
2δnk(t → ∞). A larger τk means
a longer time for the time evolution to reach saturation.
Note that τk is not well-defined for |k| ∼ k∗, where δnk(t)
is not a monotonic function. In Fig. 3(a) we plot τk as
a function of kλ, except for the vicinity of k∗λ. It shows
that for both k < k∗ regime and k > k∗ regime, τk de-
creases as k increases. However, there is a jump of τk
across k ∼ k∗. This discontinuity of τk is another in-
teresting feature of the crossover momentum k∗ in this
model. This feature shows that the relaxation time for
momentum slightly above k∗ is much longer than the re-
laxation time for momentum slightly below k∗. This fea-
ture also agrees very well with experimental observation
from the Cambridge group, and it is not obvious prior to
the calculation.
Thirdly, we plot the saturation value of |k|4δnk taken
at t → ∞, as a function of kλ. Since |k|2δnk plotted in
Fig. 2 represents the change of occupation in a momen-
tum shell with radius |k|, |k|4δnk plotted in Fig. 3(b)
represents the change of total kinetic energy in the same
momentum shell. This function displays following be-
havior. It first decreases to a minimum located at kminλ,
and then it increases to a maximum located at kmaxλ.
Finally it decreases and saturates at large momentum.
This functional behavior also agrees very well with ex-
perimental data. In our calculation, we find kminλ = 3.2
and kmaxλ = 7.4, which agree remarkably well with the
experimental value kminλ ≈ 3.2 and kmaxλ ≈ 7.5. This
function crosses zero naturally at k∗λ because k∗ is de-
4FIG. 3: (a) The half-way time τ (see text for the definition)
for different momenta kλ. There is no data around kλ ∼ 4.5,
where the half-way time is not well-defined due to the non-
monotonic behavior of δnk(t). (b) The variation of kinetic
energy density k4δnk at final state with t→∞. This value is
also plotted as a function of kλ. kminλ and kmaxλ are labelled
where the minimum and the maximum of this function are
taken. k∗λ locates at the zero crossing. The red dashed line
denotes the Contact C(t → ∞) = 32piz2/λ4, which can be
derived analytically.
fined as δn|k|=k∗(t→∞) = 0.
Here we should make two comments regarding com-
parison with the experiment. First of all, in the ex-
perimental plots similar as our Fig. 3, they have used
En = ~2k2n/(2m) with kn = (6pi2n)1/3 in the energy unit
and tn = 1/En in the time unit, in order to obtain univer-
sal scalings. They are different from our energy and time
units. This is because, although the experiment is carried
out in a non-condensed gas, the temperature is still close
to the condensation temperature and higher order con-
tributions in the virial expansion should be considered
systematically. In our calculation, when the fugacity z
and temperature T are fixed, tλ/tn is a constant. There-
fore, these two different choices of units only differ by a
scale factor. Hence, the features we have discussed above,
including the values of k∗λ, kminλ and kmaxλ, the jump
of τ and the non-monotonic behavior of energy distribu-
tion, are not affected by the change of units. It is quite
FIG. 4: Comparison between nk(t→∞) (the black solid line)
with z = 0.05 and an equilibrium momentum distribution neffk
(the red solid line). The dashed line denotes nk(t = 0).
remarkable to see that these main features can already
be captured fairly well in the second order expansion.
Secondly, our calculation also ignores the three-body in-
elastic contributions, which can cause loss and heating in
real experiment. Fortunately, it turns out the time scale
for the loss dynamics is larger than the time scale for re-
laxation by two-body collision [1, 2, 37, 38]. Therefore,
experimentally, one can observe a steady state in a time
window before the system is finally heated up by inelastic
collisions. This steady state is what we compare with.
Thermalization. As we have shown that several key
features of the quench dynamics obtained by the virial
expansion agree well with the steady state observed in the
experiment, we shall further ask a question that whether
this steady state thermalizes. Here we consider the mo-
mentum distribution nk(t → ∞) after sufficiently long
time evolution, as shown by the black solid line in Fig.
4. The question is whether we can find out an effec-
tive temperature, corresponding to λeff, and an effective
chemical potential, corresponding to fugacity zeff, with
which the thermal equilibrium momentum distribution
of a unitary Bose gas can reproduce nk(t→∞).
To determine zeff and λeff, we employ the energy con-
servation and the number conservation. Right after
quench, the energy density of the system is determined
by
E = 1
V
Tr(e−βHˆ0Hˆ). (11)
It is straightforward to calculate Eq. 11 using the second-
order virial expansion, and we obtain
E = 3pi
mλ5
z +
3
√
2pi
8mλ5
z2. (12)
Note that here z and λ are fugacity and thermal de
Broglie wave length of initial non-interacting state, re-
spectively. And for a unitary Bose gas at equilibrium,
5we have energy density given by
E = 3pi
mλ5eff
zeff +
27
√
2pi
8mλ5eff
z2eff. (13)
Hence we obtain the first equation by equalling Eq. 12
with Eq. 13. Then, we note that the atom number for
initial non-interacting gas is given by
n =
1
λ3
(
z +
z2
2
√
2
)
, (14)
and the equilibrium density of a unitary Bose gas is given
by
n =
1
λ3eff
(
zeff +
9z2eff
2
√
2
)
. (15)
By equalling Eq. 14 and Eq. 15, we obtain the second
equation. With these two equations, we can determine
zeff and λeff for a given initial z and λ.
Furthermore, we can obtain an equilibrium momentum
distribution neffk using the second virial expansion with
zeff and λeff, as shown by the red solid line in Fig. 4.
In Fig. 4 we compare neffk with nk(t → ∞). We can
see that these two distributions agree very well as long
as kλ < 10. Visible relative deviation can be seen for
kλ > 10, although nk(t→∞) itself is already very small
in this high energy tail. This indicates that the system
thermalizes except for the high-energy tail. It can be
understood in term of two-body collision section, which
behaves as ∼ 1/k2 at unitarity. Thus, when k2/(2m) 
kbT , the two-body collision section is too small to ensure
thermalization.
Conclusion. In summary, we develop a virial expansion
framework to study far-from-equilibrium quench dynam-
ics. In the second-order virial expansion, we show that
the results can already explain a number of experimen-
tal observations. By systematically including high-order
contributions, we can also investigate the manifestation
of the Efimov effect in the quench dynamics. Our frame-
work can also be applied to study dynamics in other
strongly interacting systems, such as the Bose and Fermi
Hubbard model in optical lattices.
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